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On the 1/N corrections to the Green functions of random
matrices with independent eniries
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Mathematical Division, Institute for Low Temperature Physics, 47 Lenin Ave, 310164, Kharkiv,
Ukraine

Received & September 1994

Abstract. 'We propose a general approach to the construction of 1/ corrections to the Green
function G (z) of the ensembles of random real-symmetric and Hermitian N x N matrices with

" independent entries Hy ;. By this approach we study the correlation function Cy(z(, z2) of the
normalized trace N~'Tr Gy assuming that the average of [H ;| is bounded. We found that
to the leading order Cp(zy, zz) = N2 F(z1, z2), where F{z, zz) only depends on the second

- and the fourth moments of Hy ;. For the correlation function of the density of energy levels we
obtain an expression which, in the scaling limit only depends on the second moment of Hy ;.
This can be viewed as supporting the universality conjecture of random matrix theory.

Random N x N matrices with independent entries were introduced by Wigner [1]. The
majority of the rigorous results for these matrices concern the proof of convergence
of the density oy(E) of their eigenvalues to the celebrated Wigner semicircle law and
its generalization, known as the deformed semicircle law [2-4]. These non-random
limiting eigenvaloe distributions are completely determined by the two first moments of
the probability distribution of random matrix entries.

Much less well known are the large-N corrections, in particular, their dependence on
the probability distribution of the entries. The aim of this letter is to present a rigorous
approach to the systematic construction of the large-N corrections for moments of the Green
functions of respective random matrices.

We consider an ensemble of real-symmetric N x N random matrices which, in the
particular case of the Gaussian distributed entries, possessing the orthogonal invariance
property (the respective ensemble is known as the Gaussian orthogonal ensemble (GOE) and
~is an archetype model in the field [5]). Thus, our random matrices H = {Hp 1}y, are

specified by relations

148
N

1/2 ,
Hk..f:m,k:( ) Wi ki=1,...,N. {1
Here W, & < /[, are independent random variab}gs such that: (i) TJVE = 0;7(_ii) Wf | =
v?; (i) Wi, —3(WZ)? = o; and (iv) maxig {Wisl° < C, where the bar denotes averaging
over the respective probability distribution and v, & and C are N-independent. Thus Wy ,’s
may have different probability distributions for different pairs. (%, I}, but their second and
fourth moments have to be the same.
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‘We denote by Gy (2) = {G:. k(z)},k_, the Green function Gy (z) = (HN 7!, Imz #
0, of our matrices and by (Gy(z)) its normalized trace {Gy(z)}) = 1/N Zk_ Gre(z). Itis
known [4,6] that the moments of {Gx{(z)} factorize. Namely, if

N | )
mi (.., 2) = [ [{Gwia)) @
=] .
then
r
m (@, ...,z = [ [m¥ @) +Oo(N?). 3)

i=l

In particular, the correlation function

Cn{z1,22) = (Gn @z} (G {z2)} — (Gn(z1)) (Gu(z2)} C))
for Im zj, Im z5 £ 0 is of the order of 1/N? as N — co.
Our aim is to construct the expansion of m("’ ) (zl, ..., Zp) in powers of 1/N. We outline

the main idea and find, as an example, the exp11c1t form of the 1/N? correcur.m to Cy(zi, 22).
We also discuss some implications of our results.

Qur approach is an adaptation and extension of that proposed in [7] for studying spectral
characteristics of a certain class of random finite-difference operators of order R, acting in
2(Z4)® C" in the limiting cases when one of the parameters R, n or 4 tends to infinity.
The main idea is to derive certain identities for the moments mN (zl,. -1 Zp) and then,
treating the whole set of these relations as an equation in an appropriate linear space, to
compiite the moments in each order of 1/N by iterating this equation.

To derive the relations let us rewrite (2} as 1/N Z,’c‘;l Gi(z1) [/ {Gn (@)} and replace

Gy x(z1) by the RHS of the resolvent identity G (z))} = —1/z1 + /7 25\;1 H (G p(z1).
We obtain

1
(F)(Zl: cZp) = -Zm(p"”(zz «Z5)+ Z: Hy1Grx(z1) l—[(GN(Zi) )
s

where for p = 0 we set mﬁ’ = 1. Now we average in the second term of the RHES of (5)

over the random variable Hy; by using another resolvent identity
G = G — [CmiGrn = G Gn| Hig (1 + 81.1)/2 ©)

where G = G [ #,=0- lterating (5) several times we represent any matrix element of Gy (z)
as a sum of powers of Hp; multiplied by matrix elements of Gy and of 2 power of Hy,,

say Hy,, multiplied by 2 sum of matrix elements of both Green functions Gy and Gy (a
is determined by the number of iterations). The inequality

IGEm @) < IGKN < Tmz[™ )

and analogous inequality for G allows us to estimate the average of the latter by |H ¢
(which is proportional to 1/N%/2 according to (1)) multiplied by a power of [Im z|~! and
by some absolute constant. Since Gy and Hj,; are independent, all other terms in this
representation will have the form of moments of matrix elements of Gy multiplied by
moments of H; whose order is smaller than a. At last, we return back from Gy to Gy
by using the identity that differs from (6) by interchanging Gy and Gy and replacing Hy,
by —H, ;. We obtain the identity

= (Amp)? + fP. (8)
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Here A is the linear operator defined as

- ‘ 2
(AmY\D(zy, ..., 2,) = ——l—-é-&—"im("'])(zb e Zp) — :—m(”““”(zl,zl, e Zp)
1 1

in the Banach space B of bounded sequences {m'“’)};il, lm]l = sup,y; v¥|mP|. P for
every p is a sum of moments whose form is different from (2).

If (Im z;| > 2v, then || Al € 2v/[Im z;[ < I, the operator 1 — A is invertible and
(8) has a unique solution. Since according to (7) the moments (2) are bounded above by
1P, [tm z;{~1, this solution coincides with {m‘P(z;, ..., zp)};?:l under the above condition
Imz;] > 2v. o

Furthermore, to the leading order fff;” Y = —dp,1/z1 and therefore (cf (3))

14
P2 = [ [ +0() ®

i=1

where r(z) = (~z + +/22 — 4v%)/2v? is the Stieltjes transform of the semicircle law, i.e.
a7 Im r(E 4 i0) = .+/4v? — E2/2mv?; where 1/t = ./max(z, 0).

Next orders of f,f,p ? in the Gaussian case are given by expressions

v [ 22 L ?
;;R,-(Gw(z;)%]'[(cnf(zj)) Z(GN(ZDGN(Z;')?‘) IT <G~(zk))
N j=2 =2 R

)
nV* 4 k=3t f

etc. We see that moments of the form different from (2} do appear in these expressions.
These new moments of can be found by an argument analogous to that for mf\‘?), ie. by
deriving equations similar to (8). In the general case there are additional terms in each
order of 1/N. They can be handled analogously (see, for example, the first termn in the RHS
of (10) below). Therefore, solving (8) and these ‘higher order’ equations step by step in
each order of 1/N we obtain corrections to m(!{,’) forany p.

For the Gaussian entries 1/N corrections were studied in the physical paper [8] based
on the formal perturbation theory with respect to H; and the diagrammatic technique. This
approach is an adaptation of respective technique developed in [9] in order to construct
the 1/N-expansion of the Green function moménts of the random operator describing a
disordered system on Z< with N orbitals at each site. It is not an easy problem to extend
this technique (especially in its rigorous version) to the non-Gaussian case. In comparison
with this our approach is much less sensitive to the type of probability distribution of
Hy ;. Moreover, the complicated and cumbersome combinatorial problem of rearranging of
diagrams does not appear. In particular, the ‘dressing’ procedure replacing the ‘bare’ Green
function —1/z by limy—ce {Gx(2)) is automatic in our approach.

This is especially evident in the computation of the two-point correlation function (4).
Here we can simplify our general procedure because in this case it is sufficient to iterate
only the few first relations of the infinite system (8). Namely, if as before, [Im z;| > 2v,
then

20 &
(21 — 2% (G @) Cn a1, 22) = Faz Y Gerla)Graz2)Gra(z1)Gralzz)?

k=1

2
+i,lz'<GN(z1>GN(z2)2> +O(N). (10)

Due to the factor 1/N? in front of the first and the second terms of the RHS of this relation
we can replace respective averages in these terms by their limiting (zéro-order) values given
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by the first term in the RHS of (8). We obtain after some algebra

Cy(z1, 22) = N72F (25, z2) + O(N %) (11
1 203 (r, —ro)? 2orir; )
F =—
@n2) =17 (ﬁ(z, (= (=) T = — )
+O(N-5%) | (12)
where § = 1.

Notice that by an analogous argument we can also find 1/N corrections to the N = co
limit of the Green functions of an ensemble of the Hermitian random matrices. For instance,
let

Hyy =NV X +i¥%y)  kiI=1...N (13)

where X, = Xi; and ¥p; = —Y;, are independent for £ < / random variables such
that (i) X, = Yy = 0; (ii) sz"‘m'(l + 8 )v?/2 and Y,EJ = (1 — dp)v3/2; (iii)
XE,—3(X2) =ox, Yo, —3(F2) =oy, ox+oy =o,ifk <1, and Xiy—3(XZ,) =0
and (iv) sup,e; 1 X il® + 1V2al® € € < oo, where v, 0, and C are N-independent. Then the
two-point correlation function of 1/N TrGy(2) is given by (11) and (12) with 8 =2.

Above we have presented the scheme of rigorous construction of 1/N corrections (in
fact expansions) for moments of normalized traces of the Green functions of random
matrix ensembles (1) and (13). Now we use our result to draw certain non-rigorous
conclusions on the form of the leading term of the correlation function Sy(E;, E2) of
the density of states (DOS) on(E) = NI Trd(H — E) = (§(H — E)}. Since py(E) =
1/7 lim o Im{Gn{E + i€)) = Ig{Gy(z)}, we see that to obtain Sy{E;, E2) we have to
use (11) and (12) outside the domain |Imz| > 2v where they were rigorously proved.
Nevertheless, since the function F(z1, 22} given by (12} can obviously be continued up to
the real axis with respect to both the variables z; and z; we can apply the operations [z, and
dg,, E) # Ej to this expression. It means that we are going to compute the leading term
of the DOS correlation function by first performing the limit N — oo and then the limits
€1, € | 0. This order of limiting transitions is the inverse with respect to that prescribed
by the definition of this comelation function.

The resulting expression for the correlation function is

I 4‘02 - E1 Ez
B3 [N(E| — E)I? ‘/41;2 - Ef"‘/4vz - B2
2¢  (2v® — EF)(2v% ~ EY)
Nig2y$ \/4.”2 _ lEIZ\/4U2 - E% '

For the Gaussian orthogonal and unitary ensembles (GOE and GUE) o = 0 and we recover
the result

Sn(Ei, Ep) = —

(14}

1 4?12 - E; Ez
T2[N(E, — E2)]?
BN (&, ) 2] \/4.02_ EIZ-\/4U2—E%
obtained in {10,11]. We see that in a general non-Gaussian case the respective expression

depends not only on the second moment of random entries but also on the fourth moment
via o. ’

(15}

Sy(Ey, Ep) = —
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Now let us consider the so-called scaling limit of Sy (E,, Ez), when E;, E2 —
E,N(E; — E;) — s [5]. We obtain a remarkably simple expression: limy (g, —g)—s
Sy(Ei1, E2) = —1/(8n%s%). According to Wigner and Dyson (see, for example, [5])
the exact large-s asymptote of the DOS correlation functions of the Gaussian ensembies
are: —1/(w2s2) (GOE) and — sin® mp(E)s /(n%s%) (GUE). Comparing these expressions with
ours we see that our procedure of computing of the correlation function yields, for the
general case, an expression coinciding with the large-5 asymptote of the Gaussian correlation
function smoothed over the energy intervals As > 0~ (E). This can be regarded as support
of the universality conjecture of random matrix theory [5]. )

Let us mention three more supports of this conjecture. The first one [12] concerns the
so-called sparse (or diluted) random matrices whose entries are independently distributed
random variables such that Pr{H;; = 0} = p/N. The authors used the Grassman integral
technique and found the Wigner—Dyson universal form of the DOS correlator if p is large
enough. The second was obtained recently [13] for the completely different ensemble,
known as the unitary invariant ensemble whose probability density is Z™! exp [NV (H)],
where V(¢) is an even polynomial. Based on an approach known as the orthogonal
polynomial technique, the authors established a number of interesting results concerning
the eigenvalue statistics of this ensemble, in particular, the relation (15) for 8 = 2. The
third was obtained by the present authors for the ensemble H = Zn_l T, (-, EM)EX, where
1, and £* = (&), e, EFY are independent identically-distributed random variables. For
this ensemble which was introduced in [14] we obtained the analogue of (11) and (12)
and showed that its scaling limit is the same as above. These results will be published
elsewhere.

This work was supported in part by the International Science Foundation under grant no
U2S000 and the State Committee for Science and Technology of U'krame under grant no
3/1/132.
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